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:§ Outline of Project

~ 5 Briefly show how math relates to popuiar
poard games in playing surfaces &
strategies as well as teaching

~ mathematical concepts

< s Analyzing the game Lights Out by use of
~ linear algebra
<

5 Showhow games can help students learn
~ mathematical concepts
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4~ Mathematical skills learned by
4, hoard games

A

A

444

A

&



PR L

Introduction of Lights Out

5 The game Iselr:

B T I

Before you get started, you may want to become
accustomed to the different buttons and features on
your LIGHTS OUT game.
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<
Wy Howtoplay Lights Out
P

~ 5 Gonfiguration of ights appears

5 Pushinga singie bhutton will change the
on/ofi state of the ight pushed andthe
atjacent huttons tothat button

< 5 Make a series of moves that will turn all the
lghts out

< 5 Proceetl to next puzzle

N
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<
~ Linear Algehra Terms to Review
<,

Y fmsiar pu oo
<~ I:W-ﬂﬂhelﬂll form

~ < column space: the subspace of
p spanne by the column vectors of anm

~ XN matrix
< 5 colimn vector: a matrix that has only one

‘E column
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<
~ Linear Algehra Terms to Review
<,

~ g transpose: the matrix obtained by placing
the columns of a given matrix into rows,

< withthe first column hecoming the first

~ IOW, eIC.
< 5 null space: “IﬂSﬂll“iﬂn space of the

~ S AX =0
< ™ orank: the dimension ofthe rowspace (and
~ the column space) of 2 matrix

. §¢
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<
~ Linear Algehra Terms to Review
<

~ g Iree variable: one that can take on any real
value

<~ 5 orthogonal: a property of two vectors inan
Inner product space stating that their inner
< productis zero

~ 5 hasis: afinite set of vectors whichis
< linearly independent and spans a vector
space

. §¢



N Mathematical analysis of a
4‘ winning strategy to Lights Out

~ 8) Developet by the use of linear algebra
4 ™ . 2initial observations of the game:

<~ — I:ll:lsslllliillll:iitl &I:tu;::m twice is the same as not

~ _ the on/off state of a button depends on how often
< [whether even or odd) it and its neighbors have
been pushed: the order in which the buttons are
< pushed does not matter

N



Mathematical analysis of a

W
~ winning strategy to Lights Out
s
3 A
< represents the use of modulo 2 arithmetic
~ whichis the use of only 2 numbers which are 1
< and 0
<~ 5 Examples of modulo 2 addition:
~ 1+1=0
< 1+0=1
~ 0+1=1

. §¢



N Mathematical analysis ofa
~ winning strategy to Lights Out

~ 5 The entire array IS representetdbya2ax 1
<~ columnvector Z; the state of each ight =h;;

5 Pressing a single button changes the
~ pattern of hghts hy adding to # a vector
< thathas 1's at the location of the button and
~ ItS neighbors and 0's eisewhere
<

s A strategyis represented by another2ax 1
columnvector x, where Xi; IS 1i1S the (1))
4‘ button s to be pushed, and 0 otherwise



4~ Vector 4, Vector ¥ &
~ Ohtaining configuration 4 hy strategy ¥
s

~ Y O Starting with allithe
< lights out, then:
~ 5 Bothvectorsare 29X 1 0y = X1+ X, + %,

4. l:(llllmll \leclﬂl's b1,2 =Xt Xt X3+ X,

4 b1,3 =Xt X3t X s+ X5
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< -
~ GChecking the result

<4,

W . The matrix product checks that

the result [ is of the strateoy K4 ,
with matrix A defined inthe next siide.

4‘ 5 Given a IlllZZlE, ILIS winnable if there
< exits da strategy g4 toturn out all the lights

inf.
<~ 5 Tofind a strategy, solve

N
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Matrix A: 29X 29

s 1=theaxa ldentity
matrix

5 0=the 3 X3 matrix of
all zeros

5 B= the a X o matrix
shown next



5 MatrixA and Matrix B
are hoth symmetric

“.‘\‘\‘1



<N Mathematica will find the
4, column space of matrix A

5 PerformGauss-lordan 5 E=the Gauss-Jordan
< elimnationon A echelonform

8) Use commands 8) R=the protuctof the
< RowReduce and Mol elementary matrices
~ inside of Mathematica  which perform the row
<« 1o analyze matrixi reducing operations
9 Gauss-lordanwill 9 A=the 25 X 25 matrix
<« yield RA=E gdefined previousiy
~ and shown in full on

1 nextsiiie



P T o D e v Lm0 e oy ) ) S o e N e e s e Ly e T
o R R oo ST ET Y o PR Sy S o) - — = o S o
= = = = = ot S 2 T S et SO0 et N SRS
= E s TN AR g e e g ' g gy | e ol
am e o B e Sl T o e T G P S U

0
0
0
()
)
3]
(8}
{
(§]
{

1)
{

()
(

{

0
{
U
0
|
{

4
f]
]

0
{
{

0
1}
0
)
{)
0
]
{

{
(
L
{}
(}
{)
(1
0
i}
0
()

0
0

)
0
8}
)
U
)
{J
(0
0
]
)
1)

{)
{
¢]
(]
{

(1
()

)
)
{}
4

1
3]
0
{
{
0

1

4}
0
(1)
(

0
(

{

0
{

0
4]
4]
0
4
9]
0

]
{)
{)
)
)
(
{)
{
{

i

|

()
0
)
0
0
1)
1)
0
b}
)
(4]

0
()
{
{4
(0}
(¢}
t
{

£}
0
]
()
0
0
)
i)
U
1§}
]
{)

1]
({]
0
0
0
0
{]
0
0
()
(

]

)
{)
{
{0
0
0
0
00
{)
l
11
1]
i
{)
)
{)
(
0
{
()
0

4]
)
{)
0
1)
}
1)
1)
(
]
{
{)
(1
()
£
U
(4]

{)

}
0
{)
)
0
(

L0}
)
()
{1
)
0
{
O
0
0
t)
U
t
0

()
4]
]
1)
()
|

(

(

()
0
i}
[¢]
1]
()
)
{0
1)
0
f)

1)
8
L8
)
)
f]
|
)
0
{
i)
{
{
0
0
i
{
{)
()
0]

(O
)
1]
’
)
|
0
0
18]
0
)
00
{}
U
0
}

f)
{

{

0
0
]
)
{

{
(}
{
{
{
(J
1)
()
{
)
(4]
}
]
i
0
{
]
O

(
4]
{)
0
1
0
0
(4}
()
(F}
]
{
f)
0
O
0
[0
4
t
{)
{
})
{
]
4]

0
0
{
I
{0
{
()
()
{
0
{
0
{
1}
0]
()
{
(
0
0
L
]
0
)

}}
4]
I
0
0
{)
{)
0
1)
{
L}
{)
)
)]
(&)
0
)
0 0
(
0
0
4]
{
0
0

0
{

{)
L
()
0
f)
0
O
0
Q
{
{)
4]
4]
§)

MatrixAretuced
0
(0 0
-0
(EI )
00
1 0O
0 0
0.0
.0
(13
10
01
01
1)
1
00
-0
0
0 0
00
O 0
1 0
0 0
() 4
(- O

)
)
0
0
3]
)
0
1}
)
}
)

)
(
{
{
f

{
{
(
{
0
{
0

(==
(=2
o
et
o
oo
o o
o o

100010400 0

0 00 0000O0O00O0COI11LO00C0 11 10001000
00070 0 005000700, 2°00 01 11000 100
0 0000O0O0O0O0O0DOCGDOO?LO0O0O0C1I1100010

n
| |
00 000000O0OO0OOOOO0OTIO0O0O0111000 01

o~
- O
oo
oo
o o
o o
(==
o o
o o

©c o

o o
(==
o o
o o
o o

o o

110001000000 O0O0O00O0O0O0O000000
111000100000 O00O0O00D00O0O0000O00
011100010000 000GOO0O0O00O0000
00111000100000000000O00000
000110000100 0000000000O0O0UO00D0
1 0000110001000 00000D00O0000
010001110001000000000D00000
07407 15503000 A 1 050 018 1R 0° 07040 0L 070,10 102.0,:0.0)
00010001111 000100000000000
00001000 1100003100000UO00O00O0
0000010000311 0001D00000D0 00
0000001000111 000100000G00O00
RowReduce[/0 0 0 0 000 100 0111000100000 0 0],
0000000011000 11310001000000
0000000001000 1210000100000
000000000 0O0O0OOCOO0O011I0D001110
0 000D0O00DO00O0®OO000000O00O011I000111
0 00000O0O0O0O0DOO0O0O0O0O00O0O0DO0 1100011

0 000O0COOOOO1LO0O0O0O0T1

o o

A =

Mod[

S Th

A



W

~ Analyzing the column space of A

~ 5 Matrix E1S of rank 23, with iwo free
Variahles: pe:itpes
h
J

The Iast two columns of E are:
~ (0111010101110111010101100)

and

(1,010110101,0,0,0,0,0101011,0.1,0,0)
~ 5 Since A is symmetric, the column space of
~ A=the row space of A

. §¢
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~ Analyzing the column space of A

~ 5 The row'space of A IS the orthogonal

4~ complement of the null space of A, which in

5 To describe the column space of A, we neetl
to determine a hasis for the null space ol E

~ &) Examlnﬂ the last 2 columns of E which are:
- (0111010101110111010101100)"

n2 =(1010110101,0,0,0,0,0101011010 ,O)
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< _
~ Theorems ior solutions

s

~ 5 Theorem 1. Acontiguration (A is winnable

« irand onlyif 13 js perpendicularto the two
~ vectors' ELGIA.

<~ o Theorem 2. Suppose that [ is.awinnable

< configuration. Then the fourwinming
~ strategies for 1Y are:

<

~ Rb, R5+ﬁ1, R6+ﬁ2, R5+ﬁ1+ﬁ2

. §¢



<\ Practical method of solving
~ puzzies in Lights Out

~ *x forevery on light in the top row, press the
putton under it to turn it off.

< * Repeat step one forrows 23 4.

» If the hottom row i all off, you are done. If
p the hottom row has any of the following
~ patterns; the puzzie can be solved:
00111 01010 01101
10001 10110 1non

43 11100



<\ Practical method of solving
4, puzzies in Lights Out

L s
~ g

5 Toactually solve these puzzies, numher.the
huttons in the top row from left to right
1,2,3,4,9. Find the pattern inrow o inthe
foliowing tabhle and press the top row

< M huttonts) indicated:

N



<\ Practical method of solving
4, puzzies in Lights Out
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Linking the linear algehra
method to the practical methon

5 Any of the previous configurations shown
are orthogonal to hoth vectors

5 Example:

£10,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0100,01)
dottedwith [ vields D an

[0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,1,0,0,0.1}
dotted with [ alsoyields 0
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~ Games used in the classroom

S
\

5 Advantages

— solitify mathematical
reasoning & calculating
skills

— flevelopment of strong
10gical thinking skilis and
fine motor sKills

— Other thinking skills that

ievelop are: interpretation,

optimization, analysis,
variation, prohability, and
generalization

5 Disadvantages

=~ stutents move chairs &
tables and circulate ireely
which can disrupt the class
room

=~ students gather in groups
antdargue strategy when
playing a game

=~ tivert irom the conventional
classroomteachings



.\ Characteristics of ‘mathematical
4, games

~ s.only2players
5 Involue only thinking skills
« ™ o ofier full information atall times
~ s donot ingeneral, involve luck

4 = o usually are finished withina reasonable
~ span of time

5 are aiso played for pleasure
4‘ 5 require a minimum of special equipment



N Examples of mathematical

Wy Uames
P
5 Noughts & Crosses 5 Triangle Sum
(Tic-Tac-Toel 5 DieAdds
~ 5 Nim 5 Capture the Numbers
5 Make 19 5 Diox
<~ 5) Blox 5 Winners or Losers
5 Endto End
p 5 00d Wins

D
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